In the present work, we apply the one-boson-exchange potential (OBEP) model to investigate the possibility of Y(2175) and η(2225) as bound states of ΛΛ( 3 S 1 ) and ΛΛ( 1 S 0 ) respectively. We consider the effective potential from the pseudoscalar η-exchange and η ′ -exchange, the scalar σ-exchange, and the vector ω-exchange and φ-exchange. The η and η ′ meson exchange potential is repulsive force for the state 1 S 0 and attractive for 3 S 1 . The results depend very sensitively on the cutoff parameter of the ω-exchange (Λ ω ) and least sensitively on that of the φ-exchange (Λ φ ). Our result suggests the possible interpretation of Y(2175) and η(2225) as the bound states of ΛΛ( 3 S 1 ) and ΛΛ( 1 S 0 ) respectively.
I. INTRODUCTION
In 2005, the BABAR Collaboration announced the first observation of Y(2175) in the initial-state-radiation process e + e − → γ IS R φ(1020) f 0 (980), and the experimental data indicated that it is a J PC = 1 −− resonance with mass m = 2175±10±15 MeV and width Γ = 58±16±20 MeV [1] . Later, the BES Collaboration also observed the similar structure in the decay of J/ψ → ηφ f 0 (980) with about 5σ significance [2] . Since both Y(2175) and Y(4260) are produced in e + e − annihilation and exhibit similar decay patterns, Y(2175) might be interpreted as an ss analogue of the Y(4260), or as an ssss state that decays predominantly to φ(1020) f 0 (980) [1] . So far, the interpretations of Y(2175) include qqg hybrid [3, 4] , tetraquark state [5] [6] [7] , excited 1 −− ss state [8] and resonance state of φKK [9, 10] . Besides, there are also some other very interesting speculations on Y(2175) [11] [12] [13] .
The η(2225) was first observed by the MARK-III collaboration in the radiative decays J/ψ → γφφ [14] . Its mass and width were measured to be 2220 MeV and 150 MeV respectively while its quantum numbers was assigned to be J PC = 0 −+ . Later, the BES Collaboration also observed a signal around 2240 MeV from a high statistics study of J/ψ → γφφ in the [13] . In Ref. [15] , the authors investigated the strong decays of 3 1 S 0 and 4 1 S 0 within the the framework of the 3 P 0 meson decay model and found that the η(2225) was very hard to interpreted as the 3 1 S 0 ss state but a good candidate for 4 1 S 0 ss state. Note that both Y(2175) and η(2225) are close to the threshold of ΛΛ. If these two states are not the conventional ss excited state in the quark model, an interesting interpretation is that they might be the loosely bound states of ΛΛ. If we only consider the S-wave molecular states, Y(2175) and η(2225) should be assigned as ΛΛ( 3 S 1 ) and ΛΛ( 1 S 0 ) respectively. Actually, more than thirty year ago, Dover, et al. studied the bound states of ΛΛ with the orbital angular quantum L ≥ 1 within the meson-exchange model. The interested readers can refer to Ref. [16] .
In the present work, we apply the one-boson-exchange potential (OBEP) model, which works very well in interpreting the deuteron, to investigate the possibility of Y(2175) and η(2225) as bound states of ΛΛ( 3 S 1 ) and ΛΛ( 1 S 0 ) respectively. As an effective theory, the one-boson-exchange potential model contains the long-range force coming from the pion-exchange, the medium-range force coming from the sigma-exchange and the short-range force coming from the heavier vector rho/omega/phi-exchange. So far, lots of efforts have been spent on the investigation of the possible bound states composed of a pair of mesons or baryons within the one-boson-exchange potential framework. In Ref. [17] , the authors performed a systematic study of the possible bound states composed of a pair of heavy meson and heavy anti-meson within the one-boson-exchange framework. In Ref. [18] , using the Bonn meson-exchange model, the authors performed a detailed and systematic study of the nucleonnucleon interaction. The one-boson-exchange potential model leads to an excellent description of the deuteron data, NN scattering phase shifts and many other observables.
The paper is organized as follows. After the introduction, we present the scattering amplitude in Section II and the effective potential in Section III. The numerical results are given in Section IV. We discuss our results in Section V.
II. SCATTERING AMPLITUDE
In the present work, we apply the Bonn meson-exchange model, which works very well in the description of the deuteron, to calculate the effective interaction potential of ΛΛ. In this one-boson-exchange potential (OBEP) model, the long-range π-exchange, the medium-range η-exchange and σ-exchange, and the short-range ω-exchange and ρ-exchange combine to account for the interaction of the loosely bound deuteron [18] . Given that the system of ΛΛ is an isoscalar, the exchanged mesons include η, η ′ , σ, ω. Besides, the heavier φ should also account for the interaction of ΛΛ. The Feynman diagram at the tree level is shown in Fig. 1 .
The Feynman diagram at the tree level.
In our study, we first derive the baryon-baryon potential V ΛΛ (r). Starting from V ΛΛ , we directly obtain V ΛΛ by reversing the terms corresponding to the exchange of a meson of odd G-parity, G i , i.e.,
The effective Lagrangian densities describing the ηΛΛ, η ′ ΛΛ, σΛΛ and ωΛΛ, φΛΛ vertices are
and
In the above, Ψ is the Dirac-spinor for the spin-1 2 particle of Λ. Actually, there only exits the vector form for the NN system with the ω-exchange, f ωNN /g ωNN = 0 [18] . Thus with the SU(3) − f lavor symmetry, f ωΛΛ = f φΛΛ = 0. Therefore, the Eqs (5) and (6) change into
With the Lagrangins given in Eqs (2-8), we can derive the scattering amplitude of Fig. 1 . In our calculation we adopt the Dirac spinor as
In the center-of-mass frame, the initial four-momentums are P 1 (E 1 , p) and P 2 (E 2 , − p) while the final four-momentums are P 3 (E 1 , p ′ ) and P 4 (E 2 , − p ′ ), see Fig.2 . Thus the fourmomentum of propagator is
For the convenience of algebraic calculations, we make the following momentum substitution,
The four momentum for the ΛΛ system.
In our calculation, we make the nonrealistic approximation and keep the terms up to order of . The scattering amplitudes are
and where S = 1 2 ( σ 1 + σ 2 ) is the total spin of ΛΛ. iM η ′ is similar to iM η while iM φ is similar to iM ω . Making the substitutions g ηΛΛ → g η ′ ΛΛ in Eq. (14) and g ωΛΛ → g φΛΛ in Eq. (16), one can straightforwardly obtain iM η ′ and iM φ respectively. The coupling constants for the nucleon-nucleon-meson have been fixed quite well by fitting the experimental data. In the present work, we take the values of g αNN from the Bonn meson-exchange model [18] . The values of the coupling constants g αΛΛ can be derived from g αNN through the SU(3)-flavor symmetry. And they are
in which the quadratic Gell-Mann-Okubo mass formula is used and
The mass of Λ is taken as 1115.7 MeV from PDG [19] . We summarize the numerical values of the coupling constants and the masses of the exchanged mesons in Table I .
III. INTERACTIONAL POTENTIAL
In the scattering theory of quantum mechanics, the relativistic S-matrix has the form
in which the T-matrix is the interaction part of the S-matrix and M i j is defined as the invariant matrix element when extracting the 4-momentum conservation of the T-matrix. The non-relativistic S-matrix has the form
After considering both the relativistic normalization and non-relativistic normalization, one gets the relationship between the interaction potential V f i and the scattering amplitude M f i in the momentum space.
Considering the structure effect of the baryons, we introduce one monopole form factor
at each vertex. Here, Λ is the cutoff parameter and m ex is the mass of the exchanged meson. To obtain the effective potentials of the ΛΛ system, one needs to make the following Fourier Transformation,
and the following functions will be very helpful,
In the above equations, the functions Y(x), Z(x) and Z 1 (x) are defined as
With the help of Eqs. (28-33), one can easily write the effective potential of the system ΛΛ as
The effective potentials for the η ′ -exchange and the φ-exchange are similar to V η and V ω respectively. One can directly obtain them by making substitutions g ηΛΛ → g η ′ ΛΛ in Eq. 37 and g ωΛΛ → g φΛΛ in Eq. 39.
In order to make clear the specific roles of the exchanged mesons in the effective potentials of the ΛΛ system, we adopt a set of values of the cutoff parameters based on the mass of the exchanged meson in Table I and plot the effective potential for states 1 S 0 and 3 S 1 in Fig. 3 . From Fig 3 we can see that for the state 1 S 0 both the η-exchange and the η ′ -exchange provide repulsive force while the φ-exchange, the ω-exchange and the σ-exchange provide attractive force. For the state 3 S 1 , the φ-exchange and the ω-exchange provide repulsive force in the short range but attractive force in the medium range while the σ-exchange, the η-exchange and the η ′ -exchange provide attractive force.
IV. NUMERICAL RESULTS

The time-independent Schrödinger Equation is
However, in our effective potential V( r) there exist terms related to ∇ 2 . Thus for the convenience of algebraic manipulation, we separate these momentum-dependent terms from the potential and write the Shrödinger Equation in the form,
in which α(r) has form
In our calculation, we take the Laguerre polynomials as a complete set of orthogonal basis to construct the radial wave function. The normalized basis is 
Then the total wave function can be written as
for the S-wave (L = 0) of the ΛΛ system. With this wave function, the spin-orbit interaction operator S · L is 0. The spin-spin interaction operator σ 1 · σ 2 is 1 for the state 3 S 1 and −3 for the state 1 S 0 . And, the tensor operator S 12 is 0 for both states 3 S 1 and 1 S 0 . Now with the initial state |i > and the final state | f > the Hamiltonian of Schrödinger Equation can be written in the following matrix form,
(1 + α(r)) ∇ 2 a j χ j0 (r)
Digitalizing this matrix one can obtain the eigenvalue and the eigenvector. Table I . The up one is for the state 1 S 0 while the down one is for the state 3 S 1 . The solid line represents the total potential. The three dashing lines, short, medium and long, represent the contributions of the σ, η and η ′ exchanges respectively. The contributions of the ω-exchange is denoted by the dotted line while that of the φ-exchange is reflected by the dot-dashed line. state exists. In our calculation, we apply a computational program which is based on the variational method. We first vary the parameter λ to get the lowest value, then change the trial wave function to reach a stable result.
For the cutoff parameter, we adopt the reasonable range as 900MeV ∼ 2000MeV and follow the rule that the heavier the mass is, the bigger the cutoff parameter is. Given that both the η-exchange and the η ′ -exchange provide repulsive force for the state 1 S 0 but attractive force for the state 3 S 1 , we fix the cutoff parameter to be Λ η = 1900 MeV for the η-exchange and Λ η ′ = 2000 MeV for the η ′ -exchange to obtain the largest differences between the states 1 S 0 and 3 S 1 . For the other cutoff parameters for the σ-exchange, ω-exchange and φ-exchange, we tune them in the range 900MeV ∼ 2000MeV to obtain the negative and stable eigenvalue E for the states 1 S 0 and 3 S 1 . The numerical results are shown in Table II . Our Table II .
Meanwhile, we also perform an investigation of the dependence of the binding energies on Λ σ , Λ ω and Λ φ . During our study, we change one of the above three parameters in its proper range while keeping the other two to be their lowest value. The cutoff parameter for the individual meson should be larger than mass of the exchanged meson, so the lowest values of the cutoff parameters can be taken as Λ σ = 900 MeV, Λ ω = 900 MeV, and Λ φ = 1100 MeV. We plot the variation of the binding energy with individual cutoff parameter in Fig. 4 .
From the curves of Fig 4, we see that the binding energies of both 1 S 0 and 3 S 1 depend most sensitively on Λ ω and least sensitively on Λ φ . Since the solutions changes dramatically when the cutoff parameter of the ω-exchange increases, it seems that we should to take Λ ω < 1000 MeV. On the other hand, the binding energy changes very slowly with Λ φ , so we fix the cutoff parameter of the φ-exchange between 1700 MeV and 1800 MeV. Given the sigma is lighter than the omega, we take Λ σ = 900 MeV. Based on these analysis, we tabulated the numerical results in Table III. From Table III , we can see that when the cutoff parameters are taken as Λ σ = 900 MeV, Λ ω ⊂ (900 ∼ 1000 MeV) and Λ φ ⊂ (1700 ∼ 1800 MeV), we obtain a loosely bound state of ΛΛ( Table III , we can also tell that the difference between the binding energy of the state 3 S 1 and that of the state 1 S 0 increases slowly when the attractive forces coming from the ω-exchange and φ-exchange increase. Besides, we also notice that the difference of the binding energy between these two states is 43 ∼ 69 Mev, which is consistent with the difference between the thresholds of Y(2175) and that of η(2225). This prominent feature seems to indicate that Y(2175) and η(2225) might be regarded as the bound states of ΛΛ( 3 S 1 ) and ΛΛ( 1 S 0 ) respectively.
Besides, we also perform a study of the hidden-charm partner of ΛΛ because of the similarity of the ΛΛ and Λ cΛc systems. Actually, in Ref. [20] the authors have studied the baryonium Λ cΛc . However, they omit the term related to F 4 (see Eq. 32) which also appears in the study of the deuteron [18] . We first reproduce their results with our program and then focus on the contribution of the terms related to F 4 in the formation of the bound states of Λ cΛc and ΛΛ. We summarize our results in Tables IV, V and VI. Our result indicates that the terms related to F 4 have tiny influence on the bound state of the hidden-charm Λ cΛc , see Table IV. These terms also change the binding of the bound state of ΛΛ( 1 S 0 ) very little, see In Ref. [20] , the authors also studied the spin-triplet Λ cΛc where the S-D mixing effect may be important. In their study, they related the coupling constants of LambdaLambda-meson to those of nucleon-nucleon-meson via the quark model. Since there exists SU(3) − f lavor symmetry breaking of the coupling constants of nucleon-nucleonmeson, the authors adopted the values f ωΛ c Λ c = −g ωΛ c Λ c which leads to the vanishing S-D mixing. In the present case we take f ωΛ c Λ c = 0 because f ωNN = 0. Now we revisit the spin-triplet Λ cΛc system. We mainly focus on the effect of the S-D mixing in forming the bound state of Λ cΛc with spintriplet. We summarize our results in Table VII. Our result indicates that the effect of the S-D mixing in the formation of the bound state of Λ cΛ with spin-triplet is quite small. For example, when we set the cutoff parameter to be 900 MeV, the binding energy without the S-D mixing is −4.61 MeV. When we add the S-D mixing, the binding energy is −4.40 MeV with the same cutoff parameter, see Table VII . 
V. SUMMARY AND DISCUSSION
In the present work, we have used the one-boson-exchange potential (OBEP) model, which works very well in describing the deuteron, to study the system of ΛΛ with quantum numbers J PC = 1 −− and 0 −+ . We have included the contributions of the pseudoscalar η and η ′ exchanges, the scalar σ-exchange and the vector ω and φ exchanges. Since the reasonable range of the cutoff parameter in the study of the deuteron is 800 ∼ 1500 MeV, we take the range as 900 ∼ 2000 MeV which is wide enough to study the dependence of the binding solutions on the cutoff parameter. We follow the rule that the heavier the meson is, the larger the cutoff is and that the cutoff parameter should be larger than the mass of the corresponding exchanged mesons.
Our results indicate that both the η-exchange and the η ′ -exchange provide repulsive force for the state 1 S 0 but attractive force for the state 3 S 1 . The σ-exchange provides attractive force for both of these two states. If we fix the cutoff parameters for the η-exchange and the η ′ -exchange to be Λ η = 1900 MeV and Λ η ′ = 2000 MeV respectively, we find the binding solutions for both of the two states depend most sensitively on Λ ω and least sensitively on Λ φ . We also find that the binding of the state 1 S 0 is shallower than that of 3 S 1 with the same cutoff parameter.
When we fix Λ η = 1900 MeV, Λ 
